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bstract

Fuel-cell dynamics have been investigated with a variable-resistance board applied to a high-temperature polymer fuel cell, operating on pure
xygen and hydrogen at atmospheric pressure and about 150 ◦C. A particular pattern has been identified in the voltage–current density diagram. A
odel has been developed, using a characteristic equation to represent the external circuit as a resistive load, possibly nonlinear and time-varying,

ather than assuming the current density to be an independent variable. The model successfully explains the shape of the transient current–voltage

aths, including the different time constants observed when reversing a transient.

2006 Elsevier B.V. All rights reserved.
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. Introduction

The interest in fuel cells is increasing because of the role they
ight play in many power-delivering utilities in various scales,
ith environmental benefits and increased efficiency. Many re-

earch papers are published, but most of them assume steady-
tate conditions for the cell.

Recently, interest has increased also for the dynamic be-
aviour of fuel cells, as a topic in its own merit and as a pre-
equisite for control analysis and controller design. However,
any models provided in the literature [1–5] were not intended

or control studies, and in that context they are often “flawed”
ecause they consider current density as an input to the sys-

em. This is unrealistic from a process-control perspective, be-
ause in reality the current is determined by the characteristics
f the fuel cell and of its external load [6]. For example, it has
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een shown by Weydahl et al. [7] and Rao and Rengaswamy
8] that the current does not change stepwise during specific
ransients, but instead follows a certain pattern, which may be
escribed by a step change followed by what appears to be an
xponential relaxation. A better approach for models with real-
stic inputs is therefore using the load’s characteristic as an input
nstead.

Conventional polymer electrolyte membrane (PEM) fuel
ells employ an electrolyte that relies on liquid water to facilitate
rotonic conduction, and operate at a temperature ranging from
0 to 90 ◦C, unless pressurised. Careful control of the heat and
ass balances is necessary in order to avoid drying out the

lectrolyte membrane or flooding the gas-diffusion electrodes.
Polybenzimidazole (PBI) represents a new generation of

hermally resistant polymer electrolyte membranes with a re-
orted glass transition temperature of 420 ◦C [9]. The conduc-
ivity of PBI in its pure state is very low, about 10−12 S cm−1

10,11]. Several studies of the conductivity in acid-doped PBI-
embranes for fuel cells have been published in the last few
ears [12–16]. The most frequently used dopant is phosphoric
cid, as first introduced by Wainright et al. [17]. Phosphoric
cid-doped PBI fuel cells allow for an operating temperature as
igh as 200 ◦C. He et al. [15] found the conductivity of PBI to be
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Nomenclature

a activity
A electrode area (m2)
C specific capacitance (F m−2)
D diffusivity coefficient (m2 s−1)
Erev reversible voltage (V)
F Faraday’s constant (C mol−1)
�gf specific Gibbs free energy of formation (J mol−1)
i circuit current density (A m−2)
ic crossover current density (A m−2)
iL mass-transfer-limiting current density (A m−2)
ir reaction current density (A m−2)
i0 exchange current density (A m−2)
I current (A)
k reaction rate constant (mol m−2 s−1)
L thickness of the diffusion layer (m)
n number of exchanged electrons
N molar flux (mol m−2 s−1)
p pressure (Pa)
r specific resistance (� m2)
R gas constant (J mol−1K−1)
t time (s)
T temperature (K)
V voltage (V)
x distance from the reaction surface (m)

Greek letters
α charge-transfer coefficient
ε porosity
η activation overvoltage (V)
λ equivalent thickness of the diffusion layer (m)
ξ tortuosity
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Experiments were carried out on a PBI membrane-electrode
assembly, prepared in-house at Department of Materials Science
τ time constant (s)

.8 × 10−2 S cm−1 at 200 ◦C with a H3PO4 doping level of 5.6
mole number of H3PO4 per repeat unit of PBI) and 5% relative
umidity.

High-temperature PEM fuel cells based on phosphoric acid-
oped PBI-membranes and operating up to 200 ◦C have several
dvantages over conventional PEM fuel cells working at temper-
tures lower than 100 ◦C. The increased temperature improves
he reaction kinetics in the sluggish phosphoric acid environ-

ent, simplifies the heat and mass transport management and
eads to an increased tolerance towards carbon monoxide, which
s of major importance for platinum-based catalysts. Li et al. [18]
emonstrated the enhanced CO tolerance in a PBI fuel cell at
levated temperatures and found a CO tolerance of 3% CO in
ydrogen at current densities up to 0.8 A cm−2 at 200 ◦C. This
ignificantly simplifies the pre-treatment of the fuel and makes

he PBI fuel cells a viable alternative to the low-temperature
EM fuel cells.

Currently, there are not many papers about control of fuel
ells. For example, as of March 2006, only two articles about d
ources 162 (2006) 215–227

uel cells has been published in the Journal of Process Control
19,20]. However, sections about control of fuel cells can be
ound in papers about dynamics of fuel cells, or outside the
rocess-control literature. For instance, Iqbal [21] devised a
ontrol system for a fuel cell connected to a wind power plant;
owever, since he used the Ziegler-Nichols PID-setting rules,
is resulting controller was too aggressive, and did not properly
eject disturbances, especially the variation in wind speed. An
ttempt to devise a simple control system for a PBI fuel cell is
resent in a MSc thesis by Johansen [22], but the results were
ot encouraging; the use of a simple proportional controller was
hown to deliver insufficient tracking performance. Pukrush-
an, in his doctoral thesis [23], concentrated on the dynamics
nd control of the gas flow systems, including natural-gas
eformers, anode humidifiers, and compressors; however, based
n previous claims by Guzzella [24], he claimed that the time
onstant of the electrochemical transient was in the order of
agnitude of 10−9 s,1 which is contradicted by laboratory

vidence; the electrochemical transient is in the range of
0−3 to 10 s for alkaline [7,25] fuel cells, and in the range of
0–100 s for direct-methanol fuel cells [26]. As it will be shown
ater, PBI fuel cells have transients typically lasting between
0−1 and 1 s.

Understanding the dynamic behaviour of a PBI fuel cell will
e useful in developing efficient control algorithms, which are
necessary step before applications using this type of fuel

ells can be marketed. Since PBI fuel cells require tempera-
ures higher than the environment’s, the most likely applications
ould be in the higher range of power ratings, such as the auto-
otive and power-generation sectors. The analysis presented in

his paper may be adapted to other types of fuel cells, highlight-
ng similarities and differences among different types of fuel
ells.

The objective of this paper is to show the development of
dynamic model using the external circuit’s characteristic as

n input, and how this model is able to explain experimental
esults observed on a high-temperature polymer (PBI-based)
uel cell. The first data confirming the model came actually
rom experiments already done on alkaline fuel cells [7],
s there are no significant differences between this model
nd a model specifically designed for alkaline fuel cells in
he data range where the experiments were carried out. The

easurements were later repeated on PBI-based fuel cells,
ith similar results; however, in the PBI fuel cell, there were

lso superimposing transients that were found to be much
lower.

. Experimental setup and procedure

.1. Experimental setup
1 In actuality Pukrushpan claimed 10−19 s in his thesis, but this is most likely
ue to a typing error.
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nd Engineering of NTNU, in order to determine the transient
esponse of the cell to a variable load. The laboratory setup is
ketched in Fig. 1. This project is part of the FURIM project
n the European 6th Framework Programme, contract number
ES6-CT-2004-502782.

The load itself was assembled as a variable-resistance
oard, with two resistances in parallel; in series with one
f these resistances, a switch could be opened and closed
anually, changing the total resistance of the circuit. The

alue of the resistances could be selected manually from the
1 positions of two corresponding knobs. The resistance board
as recently developed by Helge Weydahl in a related study

7].
The cell could be kept at a given temperature by a custom-

ade external electric heater with a feedback control loop,
onsisting of a thermocouple and an electronic control unit
West® 6400 1/16 DIN profile controller). It should be noted
hat, whereas the laboratory setup needed make-up heat because
f its small size, an application will probably need cooling in-
tead, since the reaction heat will be sufficient to maintain its
emperature.

The fuel cell ran on 99.5% hydrogen and 99.5% oxygen
t atmospheric pressure. Oxygen was fed the cell directly,
hereas hydrogen was bubbled through a 37.5% H3PO4

olution, in order to make up for any loss of phosphoric acid
n the cell’s membrane. Both exhaust streams were bubbled
hrough distilled water, to provide a simple visual flow feed-
ack. All streams were controlled with a flow-control unit by
i-Tek®.
To acquire data, an Agilent® 34970A data-acquisition unit

as used; the data was later exported from its interface program
nto Octave to produce plots.

A polarisation curve for the cell was measured using a

enking® HP 96-20 potentiostat, whose voltage was set by a
enking® MVS 98 Scan Generator. When measuring the polar-

sation curve, the potentiostat substituted the resistance board in
ig. 1.

N
a
c
P

ig. 1. The laboratory setup for the experiments. Resistances R1 and R2 can be set t
nd passed to the data-acquisition unit. Resistance r, known and fixed, is used to mea
ources 162 (2006) 215–227 217

.2. Experimental procedure

Some general conditions were maintained in all tests:

the cell was kept at a constant temperature of 150 ◦C;
the oxygen flow was kept at 3.7 cm3 s−1;
the hydrogen flow was kept at 5.8 cm3 s−1.

Since the data-acquisition unit could only make voltage mea-
urements, the current through the circuit was always calculated
rom the voltage over a known, small resistance, integrated in the
esistance board. The voltages measured by the data-acquisition
nit and the times at which they were taken were the only mea-
urement recorded. In order to have synchronous data for cur-
ent and voltage, the time vectors associated with the current
nd voltage outputs were merged; each of the outputs was then
inearly interpolated on the merged time vector.

For variable-resistance tests, the fuel cell was connected to
he resistance board. After having reached steady-state in cell
emperature and voltage, the data-acquisition unit was turned
n and the board’s switch was flipped. For consecutive tests,
he switch could be flipped again after reaching a steady-state
n voltage. The data could then be saved as a comma-separated
alue file. To obtain maximum detail, the data-acquisition unit
as set to record data as fast as possible (about every 0.1 s).
To obtain a polarisation curve, the potentiostat was connected

o the fuel cell instead of the resistance board. Because of the
low secondary dynamics, the measurement took about 18 h:
he potentiostat cycled between 0.825 and 0 V at a sweep rate
f 25 �V s−1. In order to obtain a manageable number of data
oints, the data-acquisition unit was set to record data every 10 s.

The gas-diffusion electrodes were prepared by spraying a
lurry of the relevant components with an airbrush (Badger

o. 100G). First, a layer of carbon support was sprayed onto
carbon fiber paper (Toray, TGP-H-120), and subsequently a

atalytic layer was sprayed on top of the support layer. The
t catalyst loading was about 1 mg cm−2 in total. The carbon

o 11 different values each. The fuel cell’s voltage is measured by voltmeter V1

sure the current; its voltage is measured by V2.



2 wer S

b
e
p
w
a
T
w
(
d

(
b
t

n
e
T
1
p
T
1

2

l
S
d
b
p
r

n
g
p
t
i

i
m
d

n
s
s
d

3

3

s
b
a
a
f

e
f

i
t
f
d
f
t

m
p
n
t
o

3

m

•

•

•

•

•
•
•

3

d
d
c
ξ

L

v
e
f
w
i

18 F. Zenith et al. / Journal of Po

lack (Vulcan XC-72) was provided by Cabot Corporation. The
lectrocatalyst, HiSPEC™ 8000 (50% Pt on Vulcan XC-72) was
urchased from Johnson & Matthey, while the PBI-membrane
as provided by the Technical University of Denmark (DTU)

s a partner in the FURIM project, which is acknowledged.
he membrane-electrode assembly (MEA) used in this work
as made by hot-pressing a sandwich of PBI-membrane

4 cm×4 cm) and electrodes (2 cm×2 cm). A more detailed
escription of the MEA preparation is given elsewhere [27].

The MEA was tested in a commercially available fuel cell
ElectroChem, Inc.) with one reference electrode probe, dou-
le serpentine flow field and originally designed for low-
emperature PEM fuel cells.

To determine whether the anodic overpotential could be
eglected, it was measured by means of a dynamic hydrogen
lectrode in the same way as described by Küver et al. [28].
he dynamic hydrogen electrode current was supplied by a
.6 V battery, to avoid any ground influence. The electrode
otential was corrected for resistance by current interrupt.
he anodic overpotential was measured with pure hydrogen at
50 ◦C.

.3. Uncertainty analysis

The preparation of the membrane-electrode assembly is
ikely to have a major impact on the fuel cell’s properties.
ince PBI membranes are not commercially available in stan-
ard form, the variability encountered in reproducing the mem-
rane may impair the reproducibility of the measurements re-
orted in this paper. An effort was made to make the MEAs as
eproducible as possible, as described in Seland et al. [27].

The influence of oxygen flow is going to depend also on the
umber and shape of the cathode channels. Precision in hydro-
en flow, instead, has been found to be of little consequence. The
erformance of the flow controllers and of the temperature con-
roller will also influence the resulting data, but this will result
n systematic error rather than uncertainty.

The precision with which the board’s resistances are known
s going to have a direct influence the reliability of the measure-

ents of current. Any unaccounted nonlinearities would also
isturb the measurements.

Some transients had time constants in the same order of mag-
itude or even higher than the sampling rate. It is possible that
ome important points might be missed if a fast transient is not
ampled with a sufficiently fast sensor, resulting in a significantly
ifferent shape of the transient measured.

. Modelling and analysis

.1. Objectives

The model presented here was originally conceived as a first
tep in a control analysis and synthesis for polybenzimidazole-

ased proton-exchange membrane fuel cells. This model has
lso been found suitable to describe the transient behaviour of
lkaline fuel cells, when operating in conditions where the dif-
usion phenomena are not important [29]; it is expected that,

d
d
w
a

ources 162 (2006) 215–227

xcept for diffusion-related issues, most results will hold also
or Nafion®-based fuel cells as well.

For the purposes of process control, high modelling accuracy
s usually not necessary: it is more common to produce a model
hat captures the essential behaviour of the system, and let a
eedback loop even out the smaller inconsistencies as they were
isturbances. It is more important to predict variations in the
requency range of interest than, for example, slow variations
hat can be taken care of by a PI controller.

The model tries therefore to reach an acceptable compro-
ise between the number of parameters and accuracy. Many

arameters have been lumped and some phenomena have been
eglected or simplified, either in order to save computational
ime, or because their dynamics were considered too fast to be
f any interest in a controller synthesis.

.2. Assumptions

The following assumptions have been made in the develop-
ent of this model:

diffusion transients reach immediately their steady-state, and
the concentration profile of species is linear with distance
from reaction site to bulk;
the anodic overvoltage is neglected: Ole Edvard Kongstein
contributed some measurements to confirm this assumption;
transients are instantaneous also for the concentration of
species in amorphous phosphoric acid, which depend on the
partial pressures of the species at the reaction sites;
the inverse (anodic) reaction on the cathode is first-order with
respect to water vapour;
the ohmic loss in the cell is linear with current;
cathodic capacitance is constant;
crossover current is constant.

.3. Diffusion

A preliminary analysis was run to establish the influence of
iffusion transients on the response of fuel cells. Using actual
ata and formulae as reported by Ceraolo et al. [1], a PBI fuel-
ell cathode’s reaction surface was modelled, with tortuosity
= 7, porosity ε = 40%, distance from reaction site to bulk
= 0.3 mm, at a temperature of T = 150 ◦C. These parameter

alues are believed to be severe enough to produce a worst-case
stimate of the time constant of the diffusion transient. The dif-
usion process involved water vapour, oxygen and nitrogen, and
as modelled with Stefan–Maxwell’s equations, in the follow-

ng form:

ε

ξ2

∂pi

∂x
=

3∑
k=1

RT

pDik

(piNk − pkNi) (1)

Since diffusion transients are caused by the reaction current

ensity ir, they will not in any case be faster than ir’s. If the
iffusion dynamics is shown to be faster than the one associated
ith ir, assuming instantaneous transients for diffusion is an

cceptable approximation.
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Furthermore, the diffusion transient can have a noticeable
ffect on the reaction rate only if the partial pressures at the
eaction sites are sufficiently low, that is, when the cell is close
o the mass-transfer barrier.

It will be assumed in the following that diffusion transients
ettle immediately, and that all partial-pressure profiles are linear
rom bulk to reaction site. We can then easily integrate:

i(x) � pi,r + ∂pi

∂x
x (2)

Since the Stefan–Maxwell multicomponent diffusion Eq. (1)
s valid for any positive distance x ≤ L from the reaction site,
e can evaluate it with the bulk values of partial pressures,
i,b = pi(L), which are known; furthermore, since we neglect

he diffusion transient, we can assume that the flows of oxygen,
itrogen and water will be constant in x and directly related to
he reaction current ir:

O2 = − ir

4F
(3)

H2O = ir

2F
(4)

N2 = 0 (5)

Inserting this in the Stefan–Maxwell equations (1) and (2),
he resulting direct formulae are

O2,r = pO2,b − Lξ2

ε

RT

4F

(
2pO2,b + pH2O,b

pDO2,H2O
+ pN2,b

pDO2,N2

)
ir

(6)

H2O,r = pH2O,b + Lξ2

ε

RT

4F

(
2pO2,b + pH2O,b

pDO2,H2O

+ 2
pN2,b

pDH2O,N2

)
ir (7)

It can be seen that, in this approximation, the reaction-site
artial pressures vary linearly with reaction-current density. In-
identally, we can obtain an approximate expression of the cur-
ent iL at the mass-transfer limit, which occurs when pO2,r → 0,
y rearranging Eq. (6):

L = pO2,b
ε

Lξ2

4F

RT

(
2pO2,b + pH2O,b

pDO2,H2O
+ pN2,b

pDO2,N2

)−1

(8)

While this expression is not an exact one, it is very useful
s a rough, inexpensive estimate, and as a first guess in more
etailed, iterative solution algorithms.

In Eqs. (6)–( 8) the group Lξ2

ε
appears always together. It is not

ossible to estimate L, ξ and ε separately in this model, so they

ill be integrated in a new variable, λ = Lξ2

ε
. λ represents the

hickness of an equivalent diffusion layer that would result in the
ame reaction-site partial pressures as in the porous electrode.

.4. Steady-state activation overvoltage
The model neglects any overvoltages on the anode. Unless
ifferently specified, it will be understood from now on that all
lectrochemical terms refer to the cathode.

i

V

r

ources 162 (2006) 215–227 219

At steady-state, the reaction current density ir is equal to the
ircuit current density i plus the crossover current density ic; ir
epresents the reaction rate resulting from the Butler–Volmer
quation, i the actual current flowing in the external circuit di-
ided by the cell’s area, and ic the internal losses such as per-
eation of reactants through the membrane or electronic con-

uctivity of the membrane.
Liu et al. [30] have recently studied the oxygen reduction

eaction at the cathode of a PBI fuel cell. Their results (pub-
ished while this paper was in peer review and subsequently im-
lemented) indicate that the rate-determining step is first-order
ith respect to oxygen and protons:

2 + H+ + e− → O2H (9)

The remaining steps from O2H to H2O are faster, and can
e assumed to be instantaneous. The oxygen term is the oxygen
resent in amorphous H3PO4, and the concentration of protons
an be promoted by water:

3PO4 + H2O � H2PO−
4 + H3O+ (10)

In the data range of interest, the data provided by Liu et al.
eems to indicate that the concentration of H+ is approximately
roportional to the partial pressure of water vapour.

There are no equivalent studies for the inverse reaction of
ater oxidation, so it will be simply assumed to be first-order
ith respect to water:

1
2 H2O → H+ + e− + 1

4 O2 (11)

Assuming that the activity of oxygen in the amorphous
3PO4 phase is proportional to the partial pressure of oxygen

t the reaction site (with no or negligibly fast transient), the fol-
owing expression results for the exchange current density [31]:

0 = nFk

(
pO2

p0

)α(
pH2O

p0

)(1+α)/2

(12)

here n is equal to 1 and p0 is the standard pressure (101 325 Pa).
inally, Liu et al. also provided an estimate for the symmetry
actor α, in the range 0.42–0.44; α = 0.43 will be assumed.

Then, the activation overvoltage η can be calculated for a
iven current, according to the Butler–Volmer equation:

r = i0(eα(nF/RT )η − e−(1−α)(nF/RT )η) (13)

Since this equation, which binds η and the reaction current
ensity ir, cannot be explicitly inverted and expressed directly as
function of type η = f (ir), an iterative algorithm is necessary.

At this point, η is known, and there remains only to calculate
he reversible cell potential Erev, which can be found from well-
nown thermodynamic data:

rev = −�gf

nF
(14)

gf is calculated using the partial pressures at the reaction sites.
he ohmic loss is easily found as rcell(i + ic). The cell voltage
s then found as

= Erev − η − rcell(i + ic) (15)

cell is here assumed to be constant.
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The model can be expressed in a diagram, as shown in Fig.
2. There, one can see the internal resistance rcell, the reversible
potential Erev, the capacitor C and its overvoltage η. The bipole
in parallel with the capacitor is a nonlinear voltage-controlled

Fig. 2. Diagram of the fuel-cell model.

Table 1
Summary of the main equations used in the model

Overvoltage differential
equation

η̇ = i+ic−ir
C

Butler–Volmer equation ir = i0
(

eα(nF/RT )η − e−(1−α)(nF/RT )η
)(

pO2,r
)α (pH2O,r

)(1+α)/2

c
i
a
e
I
s

i
B
r
c
o
c
t
p
a
t
E
i

b
c
s
a

3

f

τ

I
p
t

l
v
c
c

a

Exchange current density i0 = nFk
p0 p0

(12’)

Oxygen diffusion pO2,r = f (ir, pi,b, λ, T ) (6’)
Water diffusion pH2O,r = g(ir, pi,b, λ, T ) (7’)

urrent generator, which enforces the Butler–Volmer law impos-
ng a current ir as a function of η (and many other parameters,
s per Eq. (13)). This bipole is often also modelled as a nonlin-
ar resistance [34], or a linearised value in an area of interest.
ncidentally, the ideal generator Erev and the resistance rcell in
eries with it can be viewed as a Thevenin equivalent circuit.

The actual integration of Eq. (16) is not very simple, since ir
s a function of many parameters, including η itself, through the
utler–Volmer equation (13). Furthermore, the exchange cur-

ent density i0 in that equation depends on the reaction-site con-
entrations of the reactants (Eq. (12)), which, in turn, depend
n their consumption rate, proportional to ir. An iterative loop,
onsisting of Eqs. (6), (7), (12) and (13), is therefore necessary
o calculate ir at all integration steps, and this is the major com-
utational cost of the simulation. This phenomenon could be
pproximated assuming a constant i0, but a separate, empirical
erm for mass-transport overvoltage should then be introduced in
q. (15). The complete set of equations to solve is summarized

n Table 1.
The overall function that calculates the transient simulation,

ased on the selected time steps and the external load’s function,
alculates first the initial state of the fuel cell, which is repre-
ented by its activation overvoltage η0. To find it, the model
ssumes that the system is initially at steady-state.

.6. Time constants

Given the state x of a dynamic system, a time constant is the
actor τ in the following differential equation:

ẋ = −x (17)

n this equation forcing terms were neglected for sake of sim-
licity. We will now show how to obtain a simple relationship for
he time constant of the electrochemical transient of fuel cells.

The external characteristic is assumed to be a generally non-
inear, purely resistive load of the type V = �(i). The reversible
oltage Erev, the cell’s internal resistance rcell and the crossover
urrent ic are assumed to be constant. The time derivative of the
ell’s voltage is then expressed as

dV

dt
= d

dt
[Erev − η − rcell(i + ic)] = − d

dt
(η + rcelli) (18)

Since the operating point has to be on the load’s characteristic
220 F. Zenith et al. / Journal of Pow

3.5. Dynamics

During transients the reaction current density ir is different
from the sum of current density (due to the external load) and
crossover current density (due to losses). Looking at the follow-
ing differential Eq. (1), it is clear that the difference i + ic − ir
is actually the driving force of the transient behaviour of the
activation overvoltage:

η̇ = i + ic − ir

C
(16)

This is the only differential equation that we consider in order
to compute the transient of the fuel cell. As already mentioned,
all diffusion transients will be neglected; any capacitance or
inductance in any part of the load is also neglected. Capaci-
tance C is assumed to be constant; however, in real-world oper-
ation, C varies: in PEM fuel cells, a variation of capacitance as
a function of cell potential has been investigated, for example,
by Parthasarathy et al. [32].

The load in the model is generally allowed to vary with time,
and is described by a function of the form I = f (V, t). It has
been chosen to use this form instead of V = g(I, t) because cur-
rent I through MOSFETs flattens out beyond a certain value of
the source-drain voltage V (depending on the MOSFETs gate
voltage), and this yields an infinite number of values of V for a
single value of I. MOSFETs are interesting candidates as con-
trol actuators in linear control, and therefore it is considered
important that the model be able to simulate them.

The differential Eq. (16) describing the activation overvoltage
looks simple: i is the actual current in the circuit, whereas ir
is the reaction current, or the current that corresponds to the
consumption of reactants in the fuel cell. The crossover current
ic represents current that is generated, but is lost inside the fuel
cell. The net sum of these quantities is the rate of accumulation
of charge in the model’s capacitor, which represents the sum of
an electrostatic double layer capacitance, a pseudocapacitance
due to charge stored by adsorbed and intermediate products at
the surface, and the charge stored in the diffusion layers [33].
Divided by the capacity C, this sum yields the time derivative of
the cathodic activation overvoltage, η̇.
s well as on the cell’s instantaneous one, it can be written that

dV

dt
= d�

dt
= d�

di

∣∣∣∣
i

di

dt
(19)
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4.3. Resistance steps

The results obtained by switching from an initial resistance
to a smaller one and back are shown in Figs. 4 and 5. It can
F. Zenith et al. / Journal of Po

nserting in Eq. (18) and rearranging

di

dt
= −

(
rcell + d�

di

∣∣∣∣
i

)−1 dη

dt

= −
(

rcell + d�

di

∣∣∣∣
i

)−1
i + ic − ir

C
(20)

The overvoltage’s time derivative is

dη

dt
= i + ic − ir

C
= dη

dir

∣∣∣∣
ir

dir

dt
(21)

earranging:

dir

dt
=
(

dη

dir

∣∣∣∣
ir

)−1
i + ic − ir

C
(22)

ubtracting Eq. (22) from Eq. (20), we obtain the following
elationship:

d(i + ic − ir)

dt
= − 1

C

⎡
⎣(rcell + d�

di

∣∣∣∣
i

)−1

+
(

dη

dir

∣∣∣∣
ir

)−1
⎤
⎦

︸ ︷︷ ︸
1/τ

× (i + ic − ir) (23)

ssuming that C and rcell are constant, that functions �(i) and
(ir, . . .) are given, the time “constant” τ depends essentially on
and ir:

(i, ir) = C(
rcell + d�

di

∣∣∣
i

)−1 +
(

dη
dir

∣∣∣
ir

)−1 (24)

The reasons for using i + ic − ir, which represents the current
nflow in the capacitor and is therefore proportional to the time
erivative of the overvoltage η, as a state of the system, instead of
he more natural η itself, are that it is possible to find expression
23) explicitly, without solving numerically the Butler–Volmer
quation (13), and that it is not necessary to add a forcing term
o account for external effects, since they are already included
hrough �; furthermore, the term i + ic − ir always returns to

at the end of a transient, since it is the transient’s driving
orce.

. Results and discussion

.1. Polarisation curve

The polarisation curve obtained at the conditions described
n the previous section is shown in Fig. 3. It can be seen that the
olarisation curve shows a fairly large hysteresis. This behaviour
as been observed previously in other experiments on similar
BI cells in Liu et al. [30].
Since Liu et al. showed that the cathodic reaction is first-order
ith respect to the concentration of H+ ions, which depends
n the partial pressure of water vapour, it might be tempting
o blame the hysteresis on the lag in the formation of water.

F
i
T

ig. 3. Experimental polarisation curve of a PBI fuel cell at 150 ◦C, measured
ith a sweep rate of 25 �V s−1. The arrows indicate the direction of the hysteresis

ycle.

owever, given how slowly the polarisation curve was sampled,
his is unlikely to be the only reason. Likewise, temperature
ransients, caused by the varying power output, should not have
nfluenced such a slow sampling. Other possible causes include
hanges in the access of oxygen to the reaction site or changes
n the catalyst during the cycle.

.2. Anodic overvoltage

The anodic overpotential at 1 A cm−2 was measured to be
0 mV, indicating a small anodic overpotential compared to the
athodic one. This justifies the assumption of neglecting the
nodic overpotential.
ig. 4. Experimental operating points’ path in the V–I diagram after step changes
n the external circuit’s resistance, starting from 82.25 � and switching back.
he arrows indicate the path in the I–V plan.
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ig. 5. Zoom on an experimental transient path for a step change in the circuit
esistance.

e seen how the operating point moves from one resistance’s
haracteristic to the other along almost parallel, straight lines.
he reason why the lines are not exactly parallel might be that
ampling is not continuous, and the operating point might have
oved from the initial point on the new characteristic by the

ime a new sample is measured.
As a reference, the steady-state characteristic is plotted as

ell. The last transient is not exactly on the expected character-
stic of its external resistance, most likely due to imprecision in
he calculation of the resistance value.

It is clear that some transients are faster than others in the de-
cent to steady-state; this can be seen by the number of markers,
oughly spaced by 0.06 s, on the trajectories in the V–I plane. It
ppears that the electrochemical transient was faster the lower
he resistance.

Zooming in on a specific transient provides further informa-
ion. In Fig. 5 the second transient, the one to 5.47 �, is rep-
esented in the V–I plane; the marks on the line represent the
ampling points. It can easily be seen that the descent to steady-
tate on the characteristic of the 5.47 � resistance was faster than
he ascent to steady-state on the 82.25 � characteristic when the
witch on the resistance board was turned off.

There is an indication, in other words, that the electrochem-
cal transient can exhibit different time constants depending on
oth the start and the end point. This behaviour could be related
o the phenomenon observed by Johansen [22], where the same
roportional controller performed too aggressively in some op-
rating ranges, and too mildly in others.

The values assumed by the voltage are plotted versus time in
ig. 6. The experiment is the same as in Fig. 4. It can be seen

hat, after a transient in the order of magnitude of 1 s, a slower
ransient of generally smaller amplitude appears.

Wang and Wang [35] measured a similar behaviour for a low-
emperature PEM fuel cell, which had also been described by

eraolo et al. [1]. In both cases, the authors noted that slow tran-

ients in proton concentration are the cause of these transients.
ince protons in the amorphous H3PO4 phase are important in
BI fuel cells too [30], the mechanism could be similar in prin-

t
fl
t
d

ig. 6. Experimental voltage transients after the step changes in the external
ircuit’s resistance, starting from 82.25 � and switching back.

iple. Compared to Wang and Wang’s measurements, transients
n PBI fuel cells appear to be slower.

It can be seen from Figs. 4 and 5 that all the transients to
ower values of resistance seem to reach first the lower branch
f the polarisation curve, to rise again to the upper one as pro-
on concentration increases. The transients back to the larger
esistance, however, are much larger than the gap between the
ranches of the polarisation curve; they have larger overshoots
or transients arriving from higher values of current, possibly
ecause of higher concentration of protons. This would seem to
trengthen the case for a role of water in the hysteresis of the po-
arisation curve of Fig. 3, but, on the other hand, these transients
re much faster (in the order of 10 s) than the sampling rate of
he polarisation curve, which would have had enough time to
each the steady-state.

These slower transients are not considered to be an important
ssue, since in a control-oriented perspective, these secondary
ransients can easily be controlled by a simple PI feedback con-
roller [36]. Therefore, we shall turn our attention to the first

oments of the transient.

.4. Effect of flow disturbances

It was noted that just changing the oxygen flow rate would
hange the open-circuit voltage significantly, as shown in Fig. 7.
t was initially supposed that variations in temperature could be
he cause of this behaviour: in the experimental setup sketched in
ig. 1, gases enter the cell at ambient temperature, and could have
ooled the cathode to a temperature lower than that measured
y the thermocouple. However, subsequent experiments with
as pre-heating showed that the difference was minimal.

The anode turned out to be less sensitive to inlet hydrogen
ow. In fact, changing the hydrogen flow would not cause any
easurable disturbance to the operating point.
It can be supposed that variations in proton concentration at
he cathode are the cause of these transients too. When oxygen
ow is increased, there is an immediate increase in voltage due

o higher oxygen partial pressure, and a subsequent decrease
ue to reduction in proton concentration, caused by the reduced
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Fig. 7. Experimental measure of the effect of a step in oxygen flow from 3.7
to 18 cm3 s−1 at 150 ◦C on open-circuit voltage. The first step is the moment
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Fig. 8. Simulated concentration transient on the cathode of a PBI fuel cell; the
current steps from 0 to 800 A m−2 at t = 0. The upper profile is oxygen, the
lower water vapour.

Fig. 9. Plot of residuals (sample minus model values) for the model applied to
the upper branch of the polarisation curve shown in Fig. 3.
he oxygen flow is started at the beginning of the experiment. The second step,
t about t = 2200 s, is the moment oxygen flow is stepped up; the last step, at
bout t = 3600 s, is when oxygen flow is stepped back down.

ater partial pressure at the reaction site.2 Conversely, when
xygen flow is reduced, there is a sharp reduction in voltage due
o lower oxygen partial pressure, followed by a (this time faster)
ecovery of proton concentration.

This asymmetry in the dynamics of proton concentration has
lready been noted in Ceraolo et al. [1].

. Modelling results and discussion

.1. Diffusion modelling

The result of diffusion modelling is shown in Fig. 8. This
odel predicts transients, without overshoots, in the order of

0−1 s in case of steps in the reaction rate. Such steps are im-
ossible in reality, since ir varies continuously as a function of η.
s long as the time constants of the transients of ir are larger than
0−1 s, the diffusion transients may safely be assumed instan-
aneous; they may however be more important where transients
n ir are faster.

Since we have seen that transients usually take longer than
his to complete, it is safe to neglect diffusion dynamics. How-
ver, this is only valid as long as transients in overvoltage are
ot faster than the ones in diffusion.

.2. Model performance

The model, implemented in C++, can calculate a resistance-
tep transient in a few seconds of computation time on a 2.4 GHz
entium4 computer under Linux. Previous experience with lan-

uages such as Scilab required about 1 min for the same tran-
ients, with more marked difficulties when integrating close to
he mass-transfer limit.

2 Even if we are at open circuit, crossover current is causing some reaction to
ake place, and some water to be formed.

Fig. 10. Simulated transient trying to replicate the experiment in Fig. 5. The
value assumed for the capacitance is 1500 Fm−2. The markers are spaced by
0.06 s, except those at switching points that are spaced 1 �s.
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Table 2
The results of the parameter regression for parameters k, ic, λ and rcell with the data of the upper branch of the polarisation curve presented in Fig. 3

Estimate ±σ Units Correlation matrix

k 115.7 55.9 �mol m−2 s−1 1 −0.590 0.672 0.847
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λ 25.82 0.349 mm
ic 33.63 93.94 A m−2

rcell 26.07 5.96 � � m2

.3. Parameter regression

A parameter regression has been carried out to verify whether
nd how well the proposed model fits the results. We were ini-
ially sceptical about a parameter regression to find k and other
arameters, because of the large hysteresis of the polarisation
urve in Fig. 3: however, we noticed the model fits very well the
pper branch of the curve, and were able to regress to some satis-
actory parameter values and produce a residual plot. However,
he lower branch does not qualitatively fit even with different
alues.

The residuals are plotted in Fig. 9, where it can be seen that
he model predicts the cell’s voltage in the upper branch with
n approximation of ±10 mV until it reaches the mass-transport
imit. The results of the parameter regression are shown in Table
. Estimates, standard deviations, units and the parameters’ cor-
elation matrix are given.

There is significant correlation between internal resistance
cell and the reaction constant k, since in most experimental
oints the effect of increased resistance is similar to that of a
educed reaction constant. Similarly, there is high correlation
etween crossover current density ic and the effective thickness
f the diffusion layer λ: since information on λ is gathered
ostly at data points close to the mass-transport barrier, if ic

s larger, λ must be thinner, to allow more reaction current
ir = i + ic) to pass at the mass-transport limit in order to
esult in the same measured values of i. To reduce these
orrelations, one may gather data points from conditions
here the effects of these parameters are going to vary

ndependently, such as different values of temperature or gas
omposition.

The model does not fit the lower branch of the polarisation
urve. It is possible that the lower branch follows different
inetics, or other factors, such as catalyst deactivation and
ransients in proton concentration, interfered in the measure-
ent and caused the hysteresis observable in the slow scan

Fig. 3).
Some computational difficulties were experienced as the re-

ression algorithm could sometimes converge to a local mini-
um different from the global one.
It was not possible to perform a proper parameter esti-

ation for the cathodic capacitance, as the slower secondary
ransients shown in Fig. 6 are not well understood, and would
ave interfered in the regression procedure. Furthermore,
he exact time of switching could not be logged in the
easurements. However, a value in the range of 1–2k F m−2

eems to reproduce the observed behaviour with acceptable
pproximation. The value 1500 F m−2 has been used in
ig. 10.

t
m
m
l

−0.590 1 −0.740 −0.648
0.672 −0.740 1 0.518
0.847 −0.648 0.518 1

.4. Path on the V–I diagram

The cause of the sudden iso-η “kick” in the dynamic path
iagram, as can be seen in the simulation in Fig. 10 and in ex-
erimental results in Figs. 4 and 5, is caused by the simple fact
hat the operating point must always lie on the load’s character-
stic, when the load is purely resistive. It is possible to determine
o which coordinates on the load’s characteristic the operating
oint will jump, considering that the activation overvoltage η

aries continuously with time; when a step change in the outer
oad happens at time t0, η will be the same for times t+0 and t−0 .

For every point in the steady-state polarisation curve we can
dentify its iso-η line, which represents the set of operating points
o which the fuel cell can jump instantaneously. This line is the
haracteristic of the cell’s internal resistance. The equation is
he same as Eq. (15), but the first two terms (Erev and η) are
ow constant for each instantaneous characteristic, since they
epend on ir.

(i) = Erev − η︸ ︷︷ ︸
constant

− rcell(i + ic) (25)

We can visualise this line as a sort of time-varying char-
cteristic: when the external load changes, the operating point
oves immediately to the new intersection between the new

oad’s characteristic and the iso-η line (the instantaneous char-
cteristic). As the value of i will change accordingly, i + ic − ir
ill no longer be equal to zero, and this will cause the overvolt-

ge η to vary with time according to differential Eq. (16). This
eans that the iso-η line will start moving vertically according to

he characteristic Eq. (25), until the intersection between it and
he load’s characteristic is again on the steady-state polarisation
urve, where by definition i + ic ≡ ir.

Using the load characteristic as the model’s input has allowed
o simulate real laboratory results, and has given the possibility
f simulating the implementation of MOSFETs as manipulated
ariables in control of fuel cells. MOSFET transistors are loads
hose characteristic can be changed by manipulating a gate

oltage. The load’s current enters from a source, and exits from
drain; the gate is a third connection point, whose voltage com-
ared to the source is the manipulated variable; since no net
urrent flows from the gate to either source or drain, little or no
ower is consumed by the process of changing the MOSFET’s
haracteristic. MOSFETs can be imagined as fail-closed fluid-
ow valves: when no gate voltage is applied, no current may
ass. As the gate voltage increases beyond a certain threshold,

he characteristic detaches from the open-circuit’s and allows
ore current to pass. Normally, for every gate voltage there is a
aximum current that can pass through the MOSFET, regard-

ess of the voltage across the source and drain of the transistor.
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More details on transistors and MOSFETs in particular can be
found in textbooks such as Mohan et al. [37].

The simulation of a MOSFET’s gate-voltage step is illustrated
in Fig. 11. The MOSFET was modelled according to a data
sheet for a IRF1404 power MOSFET provided by International
Rectifier, Inc.

5.5. Effects of parameters on the dynamics

Examining Eq. (24), it is possible to understand the influence
of some parameters on the dynamic response of a fuel cell.

The time constants are directly proportional to the electrode
capacitance C. As this capacitance may vary [32], the time
constants may vary accordingly: the larger the capacitance, the
slower the transient.

The denominator of Eq. (24) is made up of two terms. When
both are small, the transient will be slower; if, instead, one or both
terms in the denominator are large, the dynamics will be faster.
This means that the time constants will be sensibly larger when
there is a large sum of internal and external resistances and a large
variation of the overvoltage with reaction current. Conversely,
if any of these two is small, the time constants will be smaller.
This is consistent with the observation of faster transients at high
values of current, as in Figs. 4 and 5.

The time constants can also be interpreted graphically. In Fig.
5 it was observed that the electrochemical transients that oc-
curred when stepping the value of the outer circuit’s resistance
varied in duration depending on the direction of the step. This
has been confirmed by the model in Fig. 10. It is possible to visu-
alise the cause of this behaviour by means of the instantaneous
characteristic, or iso-η line, that was previously introduced.

The transient’s differential Eq. (16) states that η̇ ∝ (i + ic −
ir). It is therefore important to be able to visualise the position

of i and ir on the plot during the transient. As long as the load
is purely resistive, the operating point is bound to be on the
external circuit characteristic. However, it must also be on one
of the feasible points for the fuel cell, which are represented by

Fig. 11. The simulated transient resulting from having changed the gate voltage
of a MOSFET from 3.05 to 3.1 V, when this MOSFET is operating as the load
of a PBI fuel cell at 150 ◦C. The markers are spaced by 0.01 s, except for the
switching instant when there is a spacing of 1 �s.
Sources 162 (2006) 215–227 225

the instantaneous characteristic: therefore, the current density i
always lies at the intersection between the load’s characteristic
and the cell’s instantaneous characteristic.

ir is the reaction current density corresponding to overvoltage
η; at any time, it represents the rate of the electrochemical reac-
tion. The instantaneous characteristic represents all the operating
points to which the fuel cell can be moved instantly; its intersec-
tion with the steady-state polarisation curve represents therefore
the steady-state point corresponding to the present value of the
overvoltage η, and is at the coordinate ir − ic on the i axis.

Therefore, i is found at the intersection of the instantaneous
characteristic with the external load, and ir − ic at the inter-
section of the instantaneous characteristic with the polarisation
curve.

Looking at the simulated transient in Fig. 10, it is clear that
the drawn part of the polarisation curve is closer to the char-
acteristic of the higher resistance, when distance is measured
along the i axis. Since η̇ is proportional to the distance between
the intersections of the instantaneous characteristic with the po-
larisation curve and the external resistance along the i axis, i.e.
i + ic − ir, it follows immediately that the transient to the lower
resistance will be faster than the one coming back, because of
the higher values of i + ic − ir along that path; this is confirmed
by the experimental measurements shown in Figs. 4 and 5.

5.6. Conditions for perfect power control

Considering the basic expression of the voltage of a fuel cell
(15), and looking at Fig. 10, it is evident that the instantaneous
characteristic at a given steady-state point stays at higher volt-
ages than the polarisation curve when moving to higher values of
current density, and, conversely, at lower voltages for lower val-
ues of current density. This happens because the instantaneous
characteristic is representative of a single value of η, which is

strictly increasing with current density. This results in power
overshoots in any transient that starts and ends in a range of
currents lower than the one associated to the maximum power
output, which is often close to the mass-transfer limiting current

Fig. 12. A perfect response to a step in the set-point for power might be obtained
moving the operating point to the intersection of the iso-η curve with the iso-
power curve, and following the iso-power curve until steady-state is achieved.
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L; it is normal to assume that the cell will operate below this
urrent density, as operating above it results in inefficient and
ndesirable operation.

Under these assumptions, a perfect step change in power out-
ut can be obtained by leading the operating point to the intersec-
ion between the instantaneous characteristic and the iso-power
ine of the new power output; this intersection always exists if
he new power reference is less than or equal to the maximum
ower that the cell can produce at steady-state. Then, by con-
inuously adjusting the external characteristic (possibly with a
eedback-controlled MOSFET), the operating point can be led
long a constant-power line, until it finally intersects the polar-
sation curve, where the transient will stop. Fig. 12 shows how
uch a transient should look like.

. Conclusion

A steady-state model of a PBI fuel cell was developed, and its
arameters were estimated by means of parameter regression on
xperimental data. However, the model fits well only one branch
f the polarisation curve, which presented significant hysteresis.
he cause of this hysteresis is not well understood.

A pattern was identified in transient tests of the same cell
hen changing the resistance of the load. Neglecting the slower
ynamics, a dynamic model based on the Butler–Volmer equa-
ion has been developed for the overvoltage transient. The nov-
lty in this model is the use of a function, the external load
haracteristic, as input, rather than the more common approach
f using current or voltage. The model also allows to use of
OSFETs, and any other devices with varying characteristic.
sage of current or voltage as an input would have been un-

ortunate, as neither can be a manipulated variable in a control
ystem.

This new approach allowed to explain the observed transient
aths in a simple way, identifying the activation overvoltage η as
state of the fuel cell, together with temperature and composi-

ions. The model was also able to simulate the different dynamics
bserved when switching back and forth between two external
esistances. A simple formula to estimate the time constants of
he dynamics has been developed, which allows to predict an
pproximate value for the transient’s time constant τ for an op-
rating point.

Finally, it was shown how a step in the set-point for power
utput can in theory be perfectly matched by the power output
f the fuel cell, if proper control could be applied, under quite
eneral assumptions on operating conditions.
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